A module is called coneat injective if it is injective with respect to all coneat exact sequences. The class of such modues is enveloping and falls properly between injectives and pure injectives. Generalizations of coneat injectivity, like relative coneat injectivity and full invariance of a module in its coneat injective envelope, are studied. Using properties of such classes of modules, we characterize certain types of rings like von Neumann regular and right SF-rings. For instance, R is a right SF-ring if and only if every coneat injective left R-module is injective.
Introduction
Let R be an associative ring with an identity. Unless otherwise stated, modules and R-modules are left unital modules over R. A submodule A ⊆ B is called a pure submodule (respectively, coneat submodule) if the sequence 0 → A ֒→ B → B/A → 0 is pure exact (respectively, coneat exact ), i.e. it remains exact when tensored with any (simple) right R-module [3] (respectively, [5] ). In [5] coneatness is studied for modules over commutative rings R, but here we do not assume commutativity unless stated otherwise. In [4] , coneatness is called s-purity. A class F of modules is called enveloping if every module M has an F -envelope, i.e. a map M → E into a module E in the class F such that for any other map M → E ′ into a module E ′ in F there is a map f : E → E ′ that makes the diagram
commutative, and such that if E = E ′ then f must be an isomorphism. Hence, envelopes are unique up to isomorphism. If the class F contains injectives then F -envelopes are monomorphisms [6, p.129] . In this case, we will speak of E, rather than the map M → E, as the F -envelope of M . Recall that a module is called pure injective if it is injective with respect to all pure exact sequences. The class of pure injective modules is enveloping. For another definition of pure injective envelopes (using pure essential extensions) see [7] .
A module M is called quasi (pure) injective if it is injective with respect to all (pure) exact sequences having M as a middle term, see [8] and [9] . After Johnson and Wong's result [8] that a module is quasi injective exactly when it is fully invariant in its injective envelope, a natural question arises is how much of this can be translated to quasi pure injectivity [9, Remark 3.14]? M. S. Abbas and the author [1] studied modules fully invariant in their pure injective envelopes (pure quasi injective modules) and showed that they are always quasi pure injective, but not conversely. Unlike quasi pure injectivity, the stronger concept retains some properties of quasi injectivity. For example the endomorphism ring of a pure quasi injective module is regular and self injective modulo its Jacobson radical. Another property is that the direct sum of a finite number of copies of a pure quasi injective module is always pure quasi injective [1] .
In this paper, although we study the special case of coneat (quasi) injectivity, the method can be generalized to absorb pure (quasi) injectivity and (quasi) injectivity, as well. Here, a module is called coneat injective if it is injective with respect to all coneat exact sequences. Every module has a coneat injective envelope containing it as a coneat essential submodule. For the endomorphism ring and the direct sum of a finite number of copies of a coneat quasi injective module (i.e. a module that is fully invariant in its coneat injective envelope) we get analogous results to those of (pure) quasi injectives.
Coneat Injective Modules
We start with the following lemma due to E. Enochs and O. Jenda [6] .
Lemma 2.1. [6, p.140] For every set G of right R-modules there is a unique enveloping class F of left R-modules consisting of all modules F that are isomorphic to direct summands of products of copies of the left R-modules G + for G ∈ G and satisfying the following (1) F ∈ F if and only if F is injective with respect to all maps A → B for
and only if all F ∈ F are injective with respect to the map A → B.
In the above lemma, we say that the class F is determined by the set G [6, p.139]. So for example, the class of injective modules is determined by the set {R} and the class of pure injective modules is determined by the set of modules of the form R/I with I a finitely generated right ideal R. Now consider the set {R/M, M is a maximal right ideal of R or the zero ideal}. The class C determined by this set consists of modules injective with respect to all coneat exact sequences and is equal to the class of left R-modules isomorphic to direct summands of products of copies of G + with G being simple right R-modules. From this we get the following Theorem. The concept of coneat injectivity is weaker than injectivity and stronger than pure injectivity:
injective ⇒ coneat injective ⇒ pure injective and it inherits some of their properties, as in the following proposition which is easy to prove. Proposition 2.5. The class of coneat injective modules is closed for direct summands, direct products and finite direct sums. Proof. For any short exact sequence 0 → L ֒→ M → N → 0 of modules with L and N coneat injective and for any coneat flat module C, we get the exact sequence N ) . By assumption, the first and last terms are zero and therefore so is the middle one.
Examples 2.10.
(1) On the ring Z, the simple modules are Z p , p is a prime number, and Z
they cannot be coneat injective, but they are pure injective indeed.
. So, coneat injective modules are direct summands of direct products of Z 2 . On the other hand, Z
is pure injective but not of the above form, so it cannot be coneat injective.
Following [7] , we call a module B ⊇ A a coneat essential extension of A (and A a coneat submodule of B) if A is coneat in B and any map ϕ : B → X of R-modules with ϕ| A monic and ϕ(A) coneat in ϕ(B) is a monomorphism. This is equivalent to saying that the only submodule C ⊆ B with the property that C ∩ A = 0 and (A + C)/C is coneat in B/C is the zero submodule. From this we get: Proposition 2.11. For any module M , the inclusion M ֒→ CE(M ) is coneat essential.
Proof. Put C = CE(M ) and let ϕ be any map of C with the property that ϕ(M ) is coneat in ϕ(C) and ϕ| M is monic. In the following diagram
where existence of ψ is guaranteed by coneat injectivity of C and that the inclusion ϕ(M ) ֒→ ϕ(C) is coneat, the map ψϕ : C → C is an automorphism since M → C is an envelope and therefore ϕ must be monic. Now, following the same line of arguments in [7] and replacing the word RDessential by coneat essential, we get the following. (1) In the terminology of [4] , modules in the class M are precisely the R-coneat injective ones. (2) Since Z 4 is quasi injective, it is quasi coneat injective. But as we have seen before, it is not coneat injective.
(3) The module Z 3 as a Z 3 0 0 Z 4 -module is quasi injective, hence it is quasi coneat injective, but not coneat injective. (1) The module M is B-coneat injective. (
Proof.
(1) Any map f : K → CE(M ) extends to a g : N → CE(N ) and by assumption,
(2) Let A be a coneat injective submodule of K, hence it must be coneat in N , so that any map A → M extends to a map N → M . Restrict this last map to K. (3) is clear.
Proposition 3.8. The following are equivalent.
(1) The direct sum of any two quasi coneat injective modules is quasi coneat injective. 
Proposition 3.10. For R-modules A and M = i∈I M i , the module A is coneat-M -injective if and only if A is coneat-M i -injective for each i ∈ I.
Proof. (⇒) For any map f :
This follows from Proposition 3.6(1).
Since any pure submodule is coneat, we have the following.
Corollary 3.12. Any quasi coneat injective module is quasi pure injective.
Corollary 3.13. The endomorphism ring of a coneat quasi injective module is von Neumann regular and self injective modulo its Jacobson radical.
Proof. If A is a coneat quasi injective module then, by Proposition 3.10, A is coneat-A (I) -injective for every index set I. Hence, A is A (I) -pure injective and therefore End(A) is a cotorsion ring by [9, Corollary 3.16 ]. This means, by [2, Theorem 6] , that End(A) is regular and self injective modulo its Jacobson radical.
Example 3.14. It is easy to see that the only coneat submodules of Z are the trivial ones. Hence, Z is quasi coneat injective. However, since its endomorphism ring ( ∼ = Z) is neither von Neumann regular nor self injective modulo its Jacobson radical, Z is not coneat quasi injective by corollay 3.13.
The following Proposition and example show that the converse of corollary 3.12 is not true in general.
Proposition 3.15. The following are equivalent for a ring R:
(1) Every coneat exact sequence of R-modules is pure exact.
(2) All pure injective R-modules are coneat injective. (2), every pure injective R-module is injective with respect to it. So, by [11, p.290 ], the sequence is pure exact. (3) ⇒ (2) Let M be a pure injective R-module and therefore, so is M ⊕PE(N ) for any R-module N . Hence M ⊕ PE(N ) is quasi coneat injective, by (3) . So M is PE(N )-coneat injective. But N is a pure, hence coneat, submodule of PE(N ). So M is N -coneat injective for all R-modules N .
Applying the above propsition, since Z 3 as a Z 3 0 0 Z 4 -module is pure injective but not coneat injective, we see that the ring Z 3 0 0 Z 4 has a coneat exact sequence which is not pure exact.
Recall that a ring R is called a right SF-ring [10] if each simple right R-module is flat. This is equivalent to saying that the character modules of simple right Rmodules are injective left R-modules which is equivalent to saying that every coneat injective left R-module is injective. Therefore, every von Neumann regular ring is an SF-ring. Conversely, commutative SF-rings are von Neumann regular since so is the center of a right SF-ring [10] . (1) Every coneat exact sequence of R-modules splits.
(2) All R-modules are coneat injective. Combining Theorems 3.16 and 3.17, we get the following characterization of semisimple artinian rings.
